Abstract. We consider the degree/diameter problem for graphs embedded in a surface, namely, given a surface Σ and integers ∆ and k, determine the maximum order N (∆, k, Σ) of a graph embeddable in Σ with maximum degree ∆ and diameter k. We introduce a number of constructions which produce many new largest known planar and toroidal graphs. We record all these graphs in the available tables of largest known graphs.
Introduction
Given a class C of graphs and integers ∆ and k, the degree/diameter problem aims to find the maximum order N(∆, k, C) of a graph in C with maximum degree ∆ and diameter k. For background on this problem the reader is referred to the survey [6] .
Given a surface Σ, let G(Σ) denote the class of graphs embeddable in Σ. We set N(∆, k, Σ) := N(∆, k, G(Σ)) for simplicity.
The Moore bound 1 + ∆ + ∆(∆ − 1) + . . . + ∆(∆ − 1)
provides an upper bound for the order of an arbitrary graph with maximum degree ∆ and diameter k. This bound, however, is a very rough upper bound when considering graphs on surfaces. The current best upper bound for N(∆, k, Σ) was provided byŠiagiová and Simanjuntak [11] who showed that, for every surface Σ of Euler genus g, every k ≥ 2 and every ∆ ≥ 3, N(∆, k, Σ) ≤ cgk∆ ⌊k/2⌋ .
Before continuing we clarify what we mean by a surface and its Euler genus, as different authors adopt different definitions. A surface is a compact (connected) 2-manifold (without boundary). Every surface is homeomorphic to the sphere with h handles or the sphere with c crosscaps [7, Theorem 3.1.3] . The sphere with h handles has Euler genus 2h, while the sphere with c cross-caps has Euler genus c.
The bound cgk∆ ⌊k/2⌋ still seems to be rough for graphs on surfaces of Euler genus g, as demonstrated in [10] . For the class P of planar graphs the paper [10] recently showed that, for a fixed k, the limit lim ∆→∞ N(∆, k, P) ∆ ⌊k/2⌋ is an absolute constant, independent of ∆ or k.
Knor andŠiráň [2] proved that, for every surface Σ, there exists an integer ∆ 0 such that, for all ∆ ≥ ∆ 0 , N(∆, 2, Σ) = N(∆, 2, P) = ⌊ 3 2 ∆⌋ + 1. 
Problem 1.1 was answered in the negative by Pineda-Villavicencio and Wood [10] , where the authors proved that, for every surface Σ of Euler genus g, every odd k ≥ 3 and every ∆ ≥ √ 1 + 24g + 2,
In Section 5 we construct graphs whose orders improve the above lower bound for N(∆, k, Σ) by a factor of 4. We obtain
if Σ is the Klein bottle
otherwise.
Sections 3 and 4 are devoted to the construction of new largest known planar and toroidal graphs for maximum degree 3 ≤ ∆ ≤ 10 and diameter 2 ≤ k ≤ 10. In the appendix we provide tables cataloging the largest known such graphs. In the case of planar graphs the existing  table was updated with the new orders. For toroidal graphs no such  table existed; only a table recording largest regular graphs was available at [9] . We also updated accordingly (created in the case of toroidal graphs [5] ) the online table of largest known planar graphs [4] .
Our constructions extend approaches put forward in [1] ; Section 2 explains the methodology.
Multigraphs and diagrams
We start from the definition of a diagram presented in [1] . A diagram D is a multigraph where edges are labelled in the form α(∆, β) (α and β positive integers); see Figure 1 The depth of a tree rooted at a vertex v is the length of a longest path from v to the tree leaves. For a positive integer γ, a (∆, γ)-tree is a tree of depht γ with its root and leaves having degree 1 and all other vertices having degree ∆. Given a positive integer β, we call a (∆, β)-pod the planar graph obtained from two (∆, ⌊β/2⌋)-trees, identifying their leaves if β is even and matching their leaves if β is odd; see Figure 1 (b) for an example. The roots of the two trees used in the pod construction are the roots of the pod; the remaining vertices are called internal. In a pod, a path linking its roots is called a vein. The number of internal vertices in a (∆, β)-pod with β ≥ 2 is
if β is even, and
as follows: a thick non-pending edge e in D k ∆ , labelled by α(∆, β), is replaced by α "disjoint" (∆, β)-pods. By "disjoint" pods we mean pods that only share their roots. The endvertices of e are identified with the roots of the pods; see Figure 1 
(c). If instead e is a thick pending edge in D k
∆ , e is replaced by α "disjoint" (∆, β)-trees. The endvertex of e with unlabelled degree other than one is identified with the roots of the trees replacing e.
The graph G(F (2) and (3) guarantee that the distance from a thin vertex to any vertex in a pod of G(D k ∆ ), and to any other thin vertex, is also at most k.
As we will show in the proofs of Proposition 3.1 and Lemma4.2, Condition (1) can often be relaxed to containment in two closed walks of weight 2k + 2, rather than just one closed walk of weight at most 2k + 1. [1] , which gives rise to the largest known planar graphs of maximum degree ∆ ≥ 6 and odd diameters k ≥ 5. The order of
Large planar graphs with odd diameter
As noted in [1] , the diagram C k ∆ has maximum degree ∆ and readily satisfies the conditions of Proposition 2.3. Thus, the graph G(C The edges ac and bg, however, are contained in the two closed walks of weight 2k + 2, namely abgeica and adgbxca. Let u be a vertex in G(Y k ∆ ) of a pod replacing ac, and P the vein containing u. Similarly, let u ′ be a vertex in G(Y k ∆ ) of a pod replacing bg, and P ′ the vein containing u ′ . We observe that, since k is odd, if u and u ′ are at distance k + 1 in the closed walk abP ′ geicP a, then they cannot also be at distance k + 1 in the closed walk adgP ′ bxcP a. This alternative to Condition (1) guarantees that the distance between any two vertices in the pods replacing ac and bg is at most k. A similar argument applies to the pairs of edges (ac, hi) and (bg, hi); note the symmetry in Proof. By virtue of Proposition 3.1, we only need to verify that Condition (1) of Proposition 2.3 holds for any pair of thick edges of Z k ∆ , in which at least one of the three additional pending edges is implicated. This fact can be verified with little effort.
The number of vertices in
G(Y k ∆ ) is |G(Y k ∆ )| = |G(C k ∆ )| + 3 if ∆ is even |G(C k ∆ )| + (∆−1) k−3 2 −1 ∆−2 + 3 if ∆ is oddl 1 = ⌊ ∆−2 2 ⌋(∆, k − 1) l 2 = ⌈ ∆−2 2 ⌉(∆, k − 1) l 3 = (∆ − 3)(∆, k − 1) Diagram Z k ∆ (even ∆) (a) l 4 = 1(∆, k−3 2 ) Diagram Z k ∆ (odd ∆) (b) l 4 l 5 = (∆ − 2)(∆, ⌊ k−4 2 ⌋)
For the new diagram
For odd k ≥ 7 and ∆ ≥ 6 new largest known planar graphs arise from G(Z [4] , and they are also displayed in Table 1 of the appendix.
Large graphs embedded in the torus
The diagram-based approach explained in the previous section can be used to produce large graphs embeddable in an arbitrary surface. In this section we obtain large graphs in the torus. For our constructions we will use the diagrams P 
The order of the graph G(P
An embedding of Q k ∆ in the torus, based on an embedding of K 7 , is presented in Fig. 5 . We use the drawing solution suggested in [3, Section 2] , where the torus is represented by the inner unshaded rectangle. This rectangle is surrounded by a larger, shaded rectangle, containing copies of the actual vertices and edges of the embedding. This drawing solution allows easy visualisation of the faces and adjacency of the embedding.
Next we prove that G(Q ′ , and thin edges f = xy and f = x ′ y ′ parallel to e and e ′ , respectively. Then the distance in G(D k ∆ ) between any vertex u in a pod replacing e and any vertex u ′ in a pod replacing e ′ is at most k. Figure 5 . Embedding of Q k ∆ in the torus based on an embedding K 7 .
Proof. We use a similar argument as in the proof of Proposition 3.1. Note that, also in this case, the thick edges e and e ′ are contained in two closed walks of weight 2k+2 (see Figure 6 ). Let P and P ′ be the veins in G(D k ∆ ) containing u and u ′ , respectively. Since k is odd, if u and u ′ are at distance k+1 in the closed walk xx ′ P ′ y ′ f ′ x ′ xP yf x, then they cannot also be at distance k + 1 in the closed walk xx Figure 6 . Auxiliary figure for Lemma 4.2.
From Lemma 4.2 it immediately follows
The orders for toroidal graphs obtained from P k ∆ and Q k ∆ are displayed in Table 2 .
Large graphs on surfaces
As mentioned in the introduction, Pineda-Villavicencio and Wood [10] constructed, for every surface Σ of Euler genus g, every odd diameter k ≥ 3 and every maximum ∆ ≥ √ 1 + 24g + 2, graphs with
This is the current best lower bound for N(∆, k, Σ). In the following we improve this lower bound on N(∆, k, Σ) by a factor of 4, obtaining the following bound.
Our construction modifies a complete graph embedded in the surface Σ, so we need the Map Colouring Theorem. This theorem was jointly proved by Heawood, Ringel and Youngs; see [7, Furthermore, with the exception of the Klein bottle where χ(G) ≤ 6, there is a complete graph G embedded in Σ realising the equality.
The right-hand side of the inequality of Theorem 5.1 is called the Heawood number of the surface Σ and is denoted H(Σ). Define the chromatic number χ of a surface Σ as follows:
The main result of this section is the following. ⌉ + 1 and every odd k ≥ 3, 
An example of the construction put forward in Theorem 5.2 was already depicted in Fig. 4 (b) ; see also ⌉ + 1 and every odd k ≥ 3, 
Conclusions
Our results and those from [10] imply that, for a fixed odd diameter k, N(∆, k, Σ) is asymptotically larger than N(∆, k, P). For even diameter, however, we believe this is not the case; thus, we dare to conjecture the following. 
